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ABSTRACT  

      Calculus of variations is a field of mathematical analysis which deals with maximizing or 

minimizing a functional. Generally, a functional is mapping from a set of functions to the real 

numbers. Since, a differentiable functional is stationary at its local maxima and minima, 

therefore Euler–Lagrange equation is useful for solving problems in which we find a function 

which minimize or maximize the given some functional. Euler-Lagrange equation has 

applications in many fields. Brachistochrone problem, Minimum Surface Area of Rotation, 

Geodesies are some main problems which uses the Euler–Lagrange equation. All these problems 

have many real life applications.  
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      Calculus of variations is a field of mathematical analysis which deals with maximizing or 

minimizing a functional. The extremal functions make the functional to attain a maximum or 

minimum value. The functions, for which the rate of change of the functional is zero, are called 

Stationary function. Functional are often expressed as definite integrals. They contain functions 

and their derivatives. As we know that the shortest distance between two points is a straight 

line. So, we use interstates while we are traveling across the country because they are relatively 

straight. But when we want to travel across the country using only local roads, then how do we 

calculate the shortest distance between two points with constraints?  The answer of this question 

is found with the help of Calculus of Variations. In the calculus of variations, the Euler–

Lagrange equation is a second-order partial differential equation. Its solutions are 

the functions for which the given functional is stationary. Since, the differentiable functional is 
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stationary at its local maxima and minima. Therefore, the Euler–Lagrange equation is useful for 

solving this type of problems.  

 

Euler–Lagrange equation 

Statement: The necessary condition for the functional A[y], defined by an integral of 

the form 

 

                       
  

  

  

Where 

      
  

  
 

to have an extremum (stationary value) is that, it satisfy the  equation 

  

  
 

 

  
 
  

   
    

The above equation is called the Euler-Lagrange differential equation. 

Sometimes, the boundary points (x2  and x1) are not fixed. In this case some conditions are used 

to find the complete solution. These conditions are called Natural Boundary Conditions. These 

are given by  

  
  

   
 
    

     And       
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Applications of Euler–Lagrange equation: 

Euler-Lagrange equation has applications in the following problems:-  

1) The Euler-Lagrange differential equation gives that the shortest distance between two 

points in a plane, is a straight line. That is why, when we are traveling across country, we 

use interstates because they are relatively straight. For example, Let us consider we want 

to go from one place X to another place Y. There are many paths from X to Y. but, the 

shortest path from X to Y is only straight line (represented by red color) as shown 

below:-  

 

But, when we want to go from one country to another country via any third country, then 

we use Euler langrage’s equation with constrains.  

2) Brachistochrone problem: Brachistochrone is Greek word which means "Shortest time". 

Its main aim is to provide the fastest slide between two points. It deals with finding the 

curve along which a particle moving in a constant gravitational field, starting from rest at 

any point and falls to a lower point in minimum time of travel (in the absence of friction). 

The required fastest slide path solved by Euler langrage’s equation is a cycloid and is 

given by 

x = a (θ − sin θ)  

y = a (1 − cos θ) 
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The Brachistochrone problem has many uses in daily life. Some of them are given 

below:-  

 The Brachistochrone problem is used to find the curve of the roller coasters 

track that will take the shortest possible time for the ride. Brachistochrone 

curves are useful for the designing of roller coasters tracks. There, we have a 

need to accelerate the car to the maximum speed possible in the shortest 

possible vertical drop. The Brachistochrone path is the fastest way to get 

between two points. 

 

 

 The Brachistochrone path is also useful in sports. In athletes’ games downhill 

skier aims for the fastest time. There we don't necessarily want to take the 

path between two points that is the shortest distance, but instead of shortest 

path, we want the quickest path. Therefore, a downhill skier always uses a 

Brachistochrone curve to gain extra speed from riding down a wave. 

 The Brachistochrone path is also useful in constructing ski-jump profiles.  

There is no defined standard for ski-jump. But, if we are constructing a ski-

jump profile, we can give it a brachistochronic profile. The advantage of this 

is that if we can enter the ramp at any point of the curve, it will take the same 

amount of time before we reach the end. By slowly working our way up the 

ramp we can gradually increase our exit speed whereas keeping our 'slope 

time' a constant.  

Hence, we can say that if we release any metal bead or roller coaster car or 

Matchbox car from rest at any point on the track, the time of descent to the 

lowest point will be the same, regardless of where on the track we release it.  
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      3). Minimum Surface Area of Rotation: It deals with finding the curve passing through two 

points A and B which when rotated about the x-axis gives a minimum surface area. 

 

 The required path solved by Euler langrage’s equation is catenary and is given by  

          
   

 
  

           There are many fields in Physics and Engineering which uses the concept of minimum 

surface area of rotation. The concept of minimum surface area of rotation is used to design 

objects digitally without measuring the length and radius of the object being designed.  

Catenoids is a minimal surface made by rotating a centenary around its directrix. Also, 

Helicoids are the surfaces swept out by a line rotating with uniform velocity around an 

axis perpendicular to the line and simultaneously moving along the axis with uniform 

velocity. 

 

     4). Geodesies: Euler-Langrage’s equation has its application to find the shortest path between 

two points in a curved space. It can be found by writing the equation for the length of 

a curve and then minimizing this length using the calculus of variations. 

           
  

  

 

The resulting curve is a Geodesic. It is found with the help of Euler-Langrage’s equation.  

Geodesies on the sphere are a great circle path. We use this when we are going from one 

country to another. Then, we use the concept of geodesies.  
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Conclusion: In calculus of variation, Euler–Lagrange equation is useful for 

solving the problems in which we try to find a function which minimize or maximize the given 

functional. In this paper, I just highlight the application of Euler–Lagrange equation in some 

important problems such as Brachistochrone problem, Minimum Surface Area of Rotation, 

Geodesies. All of these problems have many uses in our life. In short, if we want to go from one 

point to other these problems are of great use.  
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